Any Haken 3-manifold (possibly with boundary consisting of tori) can be transformed into a surface×S 1 by a series of splitting and regluing along incompressible surfaces. This fact was proved by Gabai as an application of his sutured manifold theory. The first half of this paper provides a few technical details in the proof. In the second half of this paper, some applications of Gabai's theorem to Heegaard Floer homology are given. We refine the known results about the Thurson norm and fibrations. We also give some classification results for Floer simple knots in manifolds with positive b1.
Introduction
Sutured manifold theory was introduced by Gabai [4] in order to construct taut foliations. In recent years, this theory has led to a lot of discoveries in gauge theory and Floer homology. In these applications, there are typically two ways to use sutured manifold theory. One way is to use the existence of taut foliations on closed manifolds [13, 27] , the other way is to define an invariant for sutured manifolds and to study the decomposition formula for the invariant [18, 12, 14] . However, sometimes we find it convenient to directly work with closed manifolds without referring to taut foliations. In [5] , as a byproduct of the sutured manifold theory, Gabai introduced an internal hierarchy for closed Haken 3-manifolds (or manifolds with boundary consisting of tori). This theory turns out to be useful in Floer homology as an alternate approach to the applications mentioned above.
In this paper, we will give an exposition of Gabai's internal hierarchy, then discuss some of its applications to Heegaard Floer homology. First of all, let us state Gabai's theorem [5] . Theorem 1.1 (Gabai) . Let M be a Haken 3-manifold such that ∂M is a possibly empty union of tori, then there exists a sequence M = M 1 , . . . , M n such that M i+1 is obtained from M i by splitting and regluing along a connected incompressible surface and M n is homeomorphic to surface × S 1 .
Later, we will state and prove a more precise version of the above theorem in a special case, Theorem 3.5. This version immediately allows us to reprove the fact that Heegaard Floer homology detects the Thurston norm of a closed 3-manifold [27] . This approach also allows us to refine the results about Thurston norm and fibrations by taking the homological action into consideration. See Section 6 for more detail.
The new results we will prove are about Floer simple knots. Suppose that K is a rationally null-homologous knot in Y , Ozsváth-Szabó [26, 30] and Rasmussen [31] showed that K specifies a filtration on CF (Y ). The homology of the associated graded chain complex is the knot Floer homology HF K(Y, K). From the construction of knot Floer homology, one sees that rank HF K(Y, K) ≥ rank HF (Y ), for any rationally null-homologous knot K ⊂ Y . When the equality holds, we say that the knot has simple knot Floer homology, or this knot is Floer simple.
Clearly, the unknot in Y is always Floer simple. Sometimes there are nontrivial Floer simple knots. For example, the core of a solid torus in the genus-1 Heegaard splitting of a lens space is Floer simple. Moreover, if two knots (Y 1 , K 1 ) and (Y 2 , K 2 ) are Floer simple, then their connected sum (Y 1 #Y 2 , K 1 #K 2 ) is also Floer simple. In particular, (Y 1 #Y 2 , K 1 ) is Floer simple.
It is an interesting problem to determine all Floer simple knots. For example, Hedden [10] and Rasmussen [32] showed that if a knot L ⊂ S 3 admits an integral lens space surgery, then the core of the surgery is a Floer simple knot in the lens space. Hence the classification of Floer simple knots in lens spaces will lead to a resolution of Berge's conjecture on lens space surgery.
A deep theorem of Ozsváth-Szabó [27, Theorem 1.2] implies that the only Floer simple knot in S 3 is the unknot. Eftekhary [2] announced a generalization of this result to knots in any integral homology sphere. The author [22] classified Floer simple knots in # n S 1 × S 2 : they are essentially the Borromean knots. Our main new result is the following theorem. The basic strategy of the proof is to use Theorem 1.1 to reduce the question to the case where Y is a surface bundle over S 1 . In this case we have the following theorem. Theorem 1.3. Suppose that Y is a closed surface bundle over S 1 with fiber of genus > 1, and that K ⊂ Y is a rationally null-homologous knot. If K is Floer simple, then K is the unknot.
We note that the condition in Theorem 1.2 that K is null-homotopic seems not to be very essential. It is possible to replace it with a much weaker condition. In fact, we expect a negative answer to the following question. Question 1.4 . Suppose that Y is a closed irreducible 3-manifold with nonzero Thurston norm. Is there a nontrivial rationally null-homologous Floer simple knot K ⊂ Y ?
Comparison with previous works
As we mentioned at the beginning, there have been a lot of approaches of using sutured manifold theory in Floer homology.
In [13, 27] , the starting point is the existence of taut foliations, which implies the existence of weakly semi-fillable contact structures by the work of Eliashberg and Thurston [3] . Then one can use deep results in contact and symplectic topology to get the desired conclusion. This approach can be used in quite general cases. For technical reasons, Ozsváth and Szabó [27] only stated the result about Thurston norm for twisted Heegaard Floer homology. Using the Universal Coefficients Theorem, we can get the results for untwisted Heegaard Floer homology [21] . More technical issues appear in this approach if we want to consider the homological actions on the Floer homology like what we do in Section 6.
In [11] , Juhász defined an invariant for a class of sutured manifolds, following directly the construction of Heegaard Floer homology [23] . A decomposition formula for this invariant was proved in [12] . Such a formula can be used to reprove the results about genus and fibered knots. The class of sutured manifolds studied in [11, 12] is a little bit special: every boundary component of the sutured manifold must contain at least one suture. We need to do more in order to make this approach applicable to closed 3-manifolds. The first step would be defining the invariant for more general sutured manifolds. See Lekili [15] for some results in this direction.
There is a way to define sutured manifold invariants indirectly as in [18, Proposition 2.9] and [14] . Using results like Proposition 6.9, one can construct a closed 3-manifold and regard the sutured manifold invariant as a "bottommost" summand of the Heegaard Floer homology of a closed 3-manifold. This approach has the advantage that it avoids the technical difficulties in defining the invariant directly. One can prove that the "total" invariant defined in this way is isomorphic to the "total" invariant defined in the previous approach [12, 20, 15] . On the other hand, the relative Spin c structures on the sutured manifold are not seen in the closed manifold. So this approach is "coarser" than the previous one.
The approach taken in our paper is a variant of the approach taken by Kronheimer and Mrowka [14] . The only difference here is the use of Gabai's internal hierarchy, which allows us to stay in the world of closed 3-manifolds. For example, in order to deal with closed manifolds in [14, Theorem 7.21 ], Kronheimer and Mrowka use the trick of doubling the corresponding sutured manifolds. It is shown that the Floer homology of the doubled manifold has a direct summand C, so the Floer homology of the original manifold is nonzero by the excision theorem. Our approach here directly shows that the Floer homology has a direct summand Z or C, see Section 6.
Outline of the paper
This paper is organized as follows. In Section 2, we give a review of sutured manifold theory. In Section 3, we state a precise version of Gabai's theorem and sketch the proof as in [5] . Sections 4 and 5 are devoted to the technical details in the proof. In Section 6, we switch to the Heegaard Floer world. After recalling the results about Thurston norm and fibrations, we apply the hierarchy to refine these results. In Section 7, we prove our theorems about Floer simple knots. Acknowledgements. This work was started when the author visited Simons Center for Geometry and Physics. The author is grateful to Zoltán Szabó for asking the question which motivated this work, and to Mirela Ç iperiani and David Gabai for helpful conversations. The author was partially supported by an AIM Five-Year Fellowship and NSF grant numbers DMS-1021956 and DMS-1103976.
Sutured manifold theory
In this section, we review some of the basic materials in sutured manifold theory.
We begin by fixing the notation. 
Definition 2.2.
A sutured manifold (M, γ) is a compact oriented 3-manifold M together with a set γ ⊂ ∂M of pairwise disjoint annuli A(γ) and tori T (γ). The core of each component of A(γ) is a suture, and the set of sutures is denoted by s(γ). We often omit γ when it is understood from the context. Every component of R(γ) = ∂M − int(γ) is oriented. Define R + (γ) (or R − (γ)) to be the union of those components of R(γ) whose normal vectors point out of (or into) M . The orientations on R(γ) must be coherent with respect to s(γ). Occasionally, we also denote R(γ) by R(M, γ) or R(M ) if there is no confusion.
As an example, let S be a compact oriented surface, M = S ×I, γ = (∂S)×I, R − (γ) = S × 0, R + (γ) = S × 1, then (M, γ) is a sutured manifold. In this case we say that (M, γ) is a product sutured manifold. Definition 2.3. Let (M, γ) be a sutured manifold, and S a properly embedded surface in M, such that no component of ∂S bounds a disk in R(γ) and no com-ponent of S is a disk with boundary in R(γ). Suppose that for every component λ of S ∩ γ, one of 1)-3) holds:
1) λ is a properly embedded non-separating arc in γ.
2) λ is a simple closed curve in an annular component A of γ in the same homology class as A ∩ s(γ).
3) λ is a homotopically nontrivial curve in a toral component T of γ, and if δ is another component of T ∩ S, then λ and δ represent the same homology class in H 1 (T ).
Then S is called a decomposing surface, and S defines a sutured manifold decomposition
where
Definition 2.4. Let S be a compact oriented surface with connected components S 1 , . . . , S n . We define
Let M be a compact oriented 3-manifold, A be a compact codimension-0 submanifold of ∂M . Let h ∈ H 2 (M, A). The Thurston norm χ − (h) of h is defined to be the minimal value of χ − (S), where S runs over all the properly embedded surfaces in M with ∂S ⊂ A and [S] = h.
, no proper subsurface of S is null-homologous, and if any component of S lies in a homology class that is represented by an embedded sphere then this component is a sphere.
In this case we also say that the sutured manifold decomposition is taut. Definition 2.7. Suppose C is a properly embedded curve in a compact surface F . We say C is efficient in F if
Let us recall a basic existence theorem for taut decompositions from Gabai [4, 7] . Theorem 2.8. Suppose (M, γ) is a taut sutured manifold. Let λ ⊂ R(γ) be a set of pairwise disjoint simple essential curves in R(γ) such that λ is efficient. Suppose [λ] ∈ H 1 (R(γ), ∂R(γ)) is nonzero and lies in the image of the map
then there exists a taut surface T ⊂ M such that T ∩ R(γ) = λ. Moreover, T can be chosen so that every component of T intersects R(γ).
we can find a taut surface T with T ∩R(γ) = λ. Throwing away the components of T that do not intersect R(γ), we still get a taut surface whose intersection with R(γ) is λ. By definition, a product annulus is always a decomposing surface, so none of its components can bound a disk in R(γ). This rules out some trivial cases.
In [4, Section 4], Gabai defined a complexity C(M, γ) for a sutured (M, γ). This complexity has value in a totally ordered set, and measures how far (M, γ) is from being a product sutured manifold. Namely, C(M, γ) obtains its infimum if and only if (M, γ) is a product sutured manifold. ]) Let (M, γ) be a taut sutured manifold, and let S be a maximal set of pairwise disjoint and nonparallel product annuli and product disks. Let R(M, γ) be the sutured manifold obtained from (M, γ) by decomposing along S and throwing away product sutured manifold components. R(M, γ) is called the reduced sutured manifold of (M, γ).
The homeomorphism type of R(M, γ) is well-defined. This fact may be proved using the JSJ theory. However, R(M, γ) may not be unique as a submanifold of (M, γ) up to isotopy. In practice, when we talk about R(M, γ) as a submanifold of M , we just choose one submanifold satisfying the definition.
Definition 2.14. The reduced complexity C(M, γ) of (M, γ) is defined to be the complexity of the reduced sutured manifold R(M, γ).
For simplicity, we omit the elaborate definition of C(M, γ) in this paper. The only thing we need to know is the following lemma.
is a taut sutured manifold decomposition such that some component of S is not boundary parallel. Suppose that (M, γ) does not contain any product annulus, and any product disk in (M, γ) is boundary parallel, then
Proof. By Steps 2 in the proof of [4, Theorem 4.2], there exists a commutative diagram
where F is a union of product disks. Moreover, by
Step 3 in [4, Theorem 4.2], there is an inequality
Since F consists of product disks,
. Hence our conclusion holds.
Sketch of Gabai's construction
In this section, we recall Gabai's sketch of the proof of Theorem 1.1 in [5] . For simplicity, we will only consider closed oriented irreducible 3-manifolds with nonzero Thurston norm. This case is sufficient for our applications. For our purpose, we will strengthen the statement of Theorem 1.1 by introducing a few concepts in Heegaard Floer homology. Recall that the Heegaard Floer homology of a closed three-manifold splits as a direct sum with respect to Spin c structures:
The Adjunction Inequality [24] says that if α is a basic class, then
be the set of bottommost basic classes on Y with respect to h.
The following crucial observation 1) was made in [14] .
2) Suppose that
3) Given any two elements
when m is sufficiently large.
which implies that
On the other hand, as α is a basic class, by the Adjunction Inequality we have
So the equality must hold. In particular,
. Now the last equality in Equation (1) becomes "<", so α / ∈ B Y (h 1 + h 2 ). 3) By Thurston [34, Theorem 2] , there exists a constant C = C(h 1 , h 2 ), such that χ − (mh 1 + h 2 ) = mχ − (h 1 ) + C when m is sufficiently large. Our conclusion then follows from 1).
are two manifold-surface pairs such that there exists a series of manifold-surface pairs
and regluing by a homeomorphism of G i , each G i is connected and taut in Y i , and
then we say that (
Theorem 3.5. Suppose Y is a closed irreducible 3-manifold with b 1 > 0, and G ⊂ Y is a connected taut surface with g(G) > 1. Then there exists a closed connected surface F such that
We sketch the proof here and give the technical details in the next two sections.
Step 2. Find a homeomorphism f :
Step 3. Let G 1 ⊂ Y 1 be a taut surface representing the homology class [G]+[T ]. We can carefully make the choices in the previous two steps so that
Step 4. Repeat the above three steps to (
Continue with this process until we get a (Y n , G n ) such that Y n fibers over the circle and G n is a fiber. Now it is easy to get G n × S 1 from Y n .
Finding homologous simple closed curves
The goal of this subsection is to prove Proposition 4.1.
Proposition 4.1. Suppose that M is a compact oriented 3-manifold with boundary consisting of two homeomorphic connected surfaces G + , G − . Then there exist primitive homology classes
Let us recall the following well-known fact, whose proof can be found in [16, 33] . The next lemma is also a standard fact. Lemma 4.3. Suppose M is a compact oriented 3-manifold with boundary. Let F be a field. Regard H 1 (∂M ; F) as a symplectic space over F with respect to the intersection form ω. Let
Proof. We will use F coefficients and suppress F in the proof.
The fact that K is an isotropic subspace of H 1 (∂M ) can be proved geometrically when F = Q or Z/2Z. We present a more algebro-topological proof here.
Using Poincaré duality, the exact sequence
can be identified with
So K can be identified with the image of i * . Suppose i * (α), i * (β) represent two elements in K, then the intersection number of them is given by
Consider the exact sequence
The map δ is given by the evaluation against [∂M ], so the right hand side of (3) is zero. This shows that K is an isotropic subspace of H 1 (∂M ). It remains to show that dim K = 1 2 β 1 (∂M ). Consider the long exact sequences
. The alternating sums of the dimensions of the items in the above long exact sequences are zero, which implies that
be the projection maps. Then
where the orthogonal complement is taken in H ± F , with respect to the corresponding intersection form ω ± . Moreover,
On the other hand, if a + ∈ (im Pr + ) ⊥ , then for any (b
and hence the equality holds.
, where the second equality uses the fact that dim
The proof of the following lemma is standard and left to the reader. Lemma 4.5. Suppose M is a compact oriented 3-manifold. Then there exists a sequence of 3-manifolds M = M 0 , M 1 , . . . , M n for some n ≥ 0, such that M i+1 is obtained from M i by surgery on a rationally null-homologous knot K i in M i , the maps in the following sequence
are isomorphisms, and H 1 (M n ; Z) is torsion-free. In this section, from now on we assume that
Since H 1 (M ) is torsion-free, K is a direct summand of H, and V ± is a direct summand of H ± .
Lemma 4.7. There exists a finite set of primes {p 1 , . . . , p n } with the following properties. 1) For any prime q not in this set, if an element c ∈ H 1 (G ± ) maps to 0 in
If an element c ∈ Pr ± (K) is primitive in Pr ± (K) and not divisible by any p i as an element in H ± , then c is also primitive in H ± .
Proof. 1) Let p 1 , . . . , p n be all the possible prime divisors of the torsion parts of H 1 (M, G ± ). If a prime q is not in this set, then the short exact sequence
remains short exact after tensoring with Z/qZ. Using the Universal Coefficient Theorem, we conclude that
is the kernel of the map H 1 (M ; Z/qZ) → H 1 (M, G ± ; Z/qZ), which is the image of the map ι * :
Consider the commutative diagram
If c ∈ H 1 (G ± ) represents an element in ker ι * , then the image of c in the group (4) is zero, hence our conclusion follows.
2) The image of the map
, we can identify the image of the map
with Pr ∓ (K). By the exact sequence
the cokernel of the map
In particular, any prime divisor of the torsion part of coker Pr ± must be one of p 1 , . . . , p n . Consider the short exact sequence
If an element c ∈ Pr ∓ (K) is primitive in Pr ∓ (K) but not primitive in H ∓ , and c, as an element in H ∓ , is not divisible by any p i , then c must be divisible (in H ∓ ) by some q / ∈ {p 1 , . . . , p n }. Thus c represents a nonzero element in the kernel of the map
Since q is not a divisor of the torsion part of coker Pr ∓ , Tor(coker Pr ∓ , Z/qZ) = 0, so i q is injective, a contradiction.
for some integer k and primitive elements c ± ∈ H ± .
Proof. As υ = 0, V ± = 0. Suppose b = (kc + , lc − ), where k, l ∈ Z and c ± is primitive in H ± . By the assumption k, l are not divisible by any p i . Let
It follows from Lemma 4.7 1) that c + ∈ qH + for any prime q|l ′ , a contradiction to the assumption that c + is primitive in H + . This shows that l ′ = ±1. Similarly, k ′ = ±1. This finishes the proof.
The next lemma was reminded to the author by Mirela Ç iperiani. Lemma 4.9. Suppose p 1 , . . . , p n are n different primes, r i ∈ (Z/p i Z)
m . Let P = p 1 · · · p n . Then there exists an element x ∈ (Z/P Z) m such that
Proof. Apply the Chinese Remainder Theorem to each coordinate of x. 
Decreasing the reduced complexity
In this section, we will prove that the reduced complexity for the pair (Y, G) can always be decreased if Y does not fiber over S 1 with G being a fiber.
Notation 5.1. Throughout this section, Y is a closed, oriented, connected, irreducible 3-manifold, G ⊂ Y is a connected taut surface with g(G) > 1, and M = Y \\G. Let G + , G − be the two components of ∂M , oriented so that ∂M = G + ⊔ (−G − ). Then M has a natural sutured manifold structure with γ = ∅, R ± (γ) = G ± .
Definition 5.2. Let A be a product annulus in M .
• A is of type NN, if both components of ∂A are non-separating in R(γ);
• A is of type NS, if ∂ − A is non-separating and ∂ + A is separating;
• A is of type SN, if ∂ − A is separating and ∂ + A is non-separating;
• A is of type SS, if both components of ∂A are separating. 
where A is a collection of disjoint product annuli in M ′ whose components correspond to the components of ∂ + S. As M 1 is taut, Lemma 2.11 implies that M ′ is also taut, hence G ′ is taut in Y ′ .
Remark 5.4. The simplest case where there exists a homeomorphism f : G + → G − which sends ∂ + S to ∂ − S is that there exist a positive integer k and nonseparating simple closed curves C ± ⊂ G ± such that ∂ ± S consists of k parallel copies of C ± . Moreover, we can assume that k is the smallest positive integer such that
, and S has no closed components. Throughout this paper the above conditions will always be the case whenever we apply Construction 5.3.
Lemma 5.5. Suppose that S is a surface as in Remark 5.4. Let G (m) be the surface obtained from S and m copies of G by cut-and-pastes, then G (m) is connected.
Proof. We first prove that G ′ is connected. In the new manifold Y ′ , S ∩ G consists of k curves, each of which is parallel to C ⊂ G. Then G\\(S ∩ G) has k components: A 1 , . . . , A k−1 , G\\C, where each A i is an annulus. Assume that G ′ is not connected, let G 1 be a component of G ′ which does not contain G\\C. is also connected. This finishes the proof. 
Proof. In light of Lemma 5.5, we only need to check (2), which can be achieved by applying Lemma 3.
Construction 5.7. Suppose that S ⊂ M is a product annulus of type NN. We can apply Construction 5.3. S is a torus with S ∩ G = C. Performing cut-andpastes to S and two parallel copies of G ⊂ Y ′ , we get a new taut surface G (2) . Abstractly, the surface G (2) is a two-fold cover of G dual to [C] . Clearly,
Construction 5.8. Suppose that P ⊂ G is an embedded essential subsurface, and that ∂P consists of two unions of simple closed curves C 0 , C 1 , oriented so that ∂P = −C 0 ⊔ C 1 . We can lift P to a properly embedded surface P ⊂ G × I,
. Let G be the surface constructed by gluing two copies of P , (denoted P 0 , P 1 ,) and G\\P together such that G\\P and P i are glued along C i for i = 0, 1. The boundary components of G correspond to the boundary components of P . We have a taut decomposition G × I P G × I.
If at least one of C 0 , C 1 is non-separating, then G is connected. 
Proof. Suppose (N 1 , δ 1 ) is a component of M \\R(M, γ) that contains a product annulus of type NN. As g(G) > 1, performing Construction 5.7 to this product annulus if necessary, we may assume g(R − (δ 1 )) > 0. Then we can find a product annulus
We can find a non-separating curve C ± ⊂ G ± such that ∓∂ ± A and ±C ± cobound a subsurface P ± in G ± .
We apply Construction 5.8 to P ± to get taut decompositions
Then G ± is connected. We can glue the pairs (
to (M, A) such that G × 0 is glued to G − and G × 1 is glued to G + , then we get 
Repeat the above procedure until we get a pair (Y n , G n ) such that the corresponding sutured manifold (M n , γ n ) has |M n \\R(M n )| = 1. This (Y n , G n ) is the pair we want. 
is taut, and
by Lemma 2.15. At this stage we can construct (Y ′ , G ′ ) by gluing G + to G − via a homeomorphism which sends ∂ + S 1 to ∂ − S 1 . However, in order to comply with Remark 5.4, we need to do more. We can choose a subsurface P ± ⊂ G ± such that ∂P ± = (±C ± )⊔(∓∂ ± S 1 ), where C ± is a non-separating simple closed curve in G ± . We can glue P − , P + to S 1 , then do cut-and-pastes with G − , G + , thus get a taut surface S ⊂ M with ∂ ± S = C ± . Now we can apply Construction 5.3 to S ⊂ M to get a pair (Y ′ , G ′ ). As in the proof of Lemma 5.9, we can show that R(M \\S) = R(M 1 ). So
Lemma 5.11. Suppose that (M, γ) does not contain product annuli of type NN, while it contains both product annuli of type NS and product annuli of type SN. Then there exists a taut connected surface S ⊂ M such that each of ∂ − S and ∂ + S consists of a single non-separating simple closed curve.
Proof. Let (N 1 , δ 1 ) be a component of the product sutured manifold M \\R(M, γ). We claim that if N 1 contains a product annulus of type NS (or type SN) in M , then at least one component of δ 1 is a product annulus of type NS (or type
is equal to the sum of some components of ∂R − (δ 1 ). It follows that there is a component
Since M does not contain annuli of type NN, the annulus C 1− × I ⊂ δ 1 must be of type NS. The same argument works for type SN annuli.
By the last paragraph, we conclude that ∂ v R(M ) contains a product annulus A 1 of type NS and a product annulus A 2 of type SN, thus the two annuli A 1 , A 2 are disjoint. We observe that [∂ ± A 1 ] + [∂ ± A 2 ] is always a primitive element in H 1 (G ± ). So we can find a non-separating curve C ± ∈ G ± which cobounds a subsurface ±P ± with −∂ ± A 1 , −∂ ± A 2 . Gluing P − , A 1 , A 2 and P + together we get a connected surface S. Consider the decomposition
which is taut. By Lemma 2.9, the decomposition M S M ′ is taut.
Lemma 5.12. Suppose (M, γ) does not contain product annuli of type NN or type NS, then there exists a taut decomposition (M, γ) S (M ′ , γ ′ ) and a positive integer k such that ∂ ± S consists of k parallel non-separating curves, S satisfies Remark 5.4, and
Proof. By Proposition 4.1 and Thereom 2.8, we can find a taut surface S ′ and a positive integer k such that ∂ ± S ′ consists of k parallel non-separating curves, and S ′ satisfies Remark 5.4.
We can modify S ′ to get a new decomposing surface S with ∂ ± S being isotopic to ∂ ± S ′ in G ± , such that S is still taut and the intersection of S with each component of ρ consisting of either parallel oriented essential arcs or parallel oriented essential closed curves. Let , γ) ). This claim is clearly true if S intersects a component of ρ in parallel oriented essential arcs. Now we assume that S ∩ ρ consists of essential closed curves, then ∂ − S is disjoint with ρ. As M does not contain product annuli of type NN or type NS, every component of ∂ − ρ is separating in G − , hence any component of ∂ − S is non-separating in the component of G − \\(∂ − ρ) containing it. Using the fact that M does not contain product annuli of type NN again, we see that , γ) )), hence our claim holds.
We have a commutative diagram of sutured manifold decompositions:
Here the decomposing surface ρ\\(S ∩ ρ) consists of product disks and product annuli. By Lemma 2.11, (M
. By Lemma 2.15 and the claim in the last paragraph,
Now we are ready to prove Theorem 3.5.
Proof of Theorem 3.5. Let G be a connected taut surface in Y . If R(M, γ) = ∅, then (M, γ) is a product sutured manifold and we are done. If R(M, γ) = ∅, we claim that we can find a ( Now we work with the pair (Y ′ , G ′ ) and repeat the above procedure until we get a pair such that the corresponding sutured manifold is a product. This proves our theorem.
Heegaard Floer homology, Thurston norm, and fibrations
In this section, we will review the results about Heegaard Floer homology, Thurston norm, and fibrations. Using Gabai's internal hierarchy, we will take a new look at these results. As a consequence, we improve these results by taking account of the homological action.
Review of the results
Basic classes (Definition 3.1) are closely related to the Thurston norm. In fact, [27, Theorem 1.1] implies that the support of the basic classes (for a twisted version of Heegaard Floer homology) determines the Thurston norm. The following is a statement of this theorem for untwisted Heegaard Floer homology (see [21, Theorem 2.3] ).
Suppose that K ⊂ Y is a rationally null-homologous knot. Let X = Y \\K.
Let B (Y,K) be the set of all basic classes. Let j * :
Definition 6.3. Suppose that K is an oriented rationally null-homologous knot in a closed 3-manifold Y . A properly embedded oriented surface F ⊂ Y \\K is a rational Seifert-like surface for K, if ∂F consists of a nonzero number of parallel essential curves on ∂ν(K), such that the orientation of ∂F is coherent with the orientation of K. When F is connected, we say that F is a rational Seifert surface for K.
Proposition 6.4. Suppose that K is an oriented rationally null-homologous knot in Y such that ∂ν(K) is incompressible in X. Let F be a rational Seifertlike surface for K. Then
where µ ∈ ∂ν(K) is the meridian of K.
Proof. This is a standard result, although not explicit in the literature. 
be the set of bottommost (relative knot Floer) basic classes on X with respect to ϕ. Similarly, for h ∈ H 2 (Y ), let
be the set of bottommost (knot Floer) basic classes on Y with respect to h.
Thus Proposition 6.4 says that B (Y,K) (ϕ) = ∅ for any ϕ ∈ H 2 (Y, K) representing a rational Seifert-like surface. There is a similar statement for the homology classes of closed surfaces. Proposition 6.6. Suppose that K is an oriented rationally null-homologous knot in Y . Then for any h ∈ H 2 (Y ), we have
Proof. Let F be a rational Seifert surface for K, then [F ] + mh is represented by a rational Seifert-like surface for K for any m ∈ Z. The same argument as in Lemma 3.3 shows that
, when m is sufficiently large.
Definition 6.7. Suppose K is a rationally null-homologous knot in Y , h ∈ H 2 (M ) is a homology class. We say K is bottommostly simple relative to h if
Let G ⊂ Y be a taut surface. Following Kronheimer and Mrowka [14] , let
where HF • is one of the "hat" and "+" theories. Moreover, let 
The proof of this proposition is standard. It either follows from the surgery exact triangle as in Ni [17, Proposition 3.5] or a version of the excision formula as in Kronheimer-Mrowka [14] .
Applying the internal hierarchy
As an immediate application of Theorem 3.5, we prove Theorem 6.1 in the case χ − (h) > 0. Proof. Using the Künneth formula for connected sums if necessary, we can reduce our problem to the case that Y is irreducible.
We first deal with the case when G is connected. By Theorem 3.5, there exits a sequence of pairs
such that Y i+1 is obtained from Y i by cutting open Y i along G i and regluing via a homeomorphism of G i , and (2) holds. By Proposition 6.9, 
) when m is sufficiently large. Consider the surface obtained from S and m copies of G − E 0 by cut-and-pastes, let S 1 be the union of its non-closed components and let S 1 be the corresponding closed surface in Y 1 . Let G 1 be the surface obtained from S and m copies of G by cut-and-pastes, and let E 1 be the component of G 1 which is obtained from S 1 and m copies of E 0 by cut-and-pastes.
Using the argument in the proof of Theorem 3.5, we can get a triple
, E n1 is a component of G n1 with genus > 1, and C(Y n1 , E n1 ) < C(Y, E 0 ). So we can repeat this process until we get a triple (Y n , G n , E n ) such that Y n fibers over S 1 with fiber E n . In this case G n must contain parallel copies of E n . Now our conclusion holds.
The argument above tells us slightly more than just the nontriviality of
. Thus A ζ can be regarded as a differential on HF
• (Y, s). It is not hard to see that A ζ respects the isomorphism in Proposition 6.9. (More precisely, let ω be a 1-cycle representing ζ. We can realize the cut-and-reglue process in Proposition 6.9 by Dehn surgery on a link L contained in G, and ω can be chosen to be disjoint from L. Hence ω corresponds to a 1-cycle ω ′ in Y ′ . Then A [ω] and A [ω ′ ] coincide under the isomorphism in Proposition 6.9.) We also observe that any A ζ map on HF
• (G n × S 1 |G n ) is zero. So the argument in Proposition 6.10 implies the following theorem. This approach can also be used to prove Theorem 6.8. For simplicity, we do not give the proof here. Instead, assuming Theorem 6.8, we will show how to use the internal hierarchy to refine the theorem in the sense of considering the homological action. See also [22] for the version for sutured Floer homology. By Theorem 6.8, Y fibers over S 1 with fiber G, a contradiction.
Floer simple knots
In this section, we will prove Theorem 1.2. If K is contained in a 3-ball then the desired result holds by [26] . From now on, we assume K is not contained in a ball, then X = Y \\K is irreducible. We modify the proof of Theorem 3.5.
As G is incompressible, K is null-homotopic in M = Y \\G. So if S ⊂ M is a properly embedded surface, we can always modify S in the interior of M to get a surface S ′ ⊂ M with ∂S ′ = ∂S and S ′ ∩ K = ∅. Let E = M \\K, τ = ∂ν(K), then (E, τ ) is naturally a sutured manifold. We will apply Construction 5.3 repeatedly, but with the difference that S is chosen to be a taut surface in (E, τ ) with S ∩ τ = ∅. In the statement of Theorem 1.3, we require that the genus of the fiber G is greater than 1. If g(G) = 1, we can get the same conclusion in some cases. , we see that the genus of K must be zero, so K is the unknot. Another way to see this is to use Lemma 7.3, which implies that any essential torus in Y can be isotoped to be disjoint from K. So K lies in a 3-ball. Then we can use [27] to conclude that K is the unknot.
